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1. [4x7=28 marks] Prove or disprove the following.

(i) Let p(-) be a continuous function on [a,b]. Then z(-) = 0 is the
only continuous solution to the problem: z’(¢)+p(¢)x(t) =0, a <t <b, with
lim z(t) = 0.
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(ii) Let p(-) be a continuous function on [0, 00) such that p(-) > 1. Then
the following problem has a unique continuous solution : z’(t) + p(¢t)z(t) =0 ,
t >0, with tlglolo z(t) = 0.

(iii) Let A be a constant 2 x 2 real matrix, and a € R?. Then the

function t+— et4a, ¢t >0 is the unique solution to the problem:
dz(t
fli ) = Az(t), t>0, with z(0)=a.

(iv) Let ¢(-) be a continuous function on [0,00) such that ¢(-) > 0.
Then any nontrivial solution to 2" (¢t) 4+ q(¢t)z(t) =0 has at most one zero on
[0, 00).

2. [10 marks] Suppose a radioactive material disintegrates at a rate propor-
tional to the amount of material present. (Take the proportionality factor to be
a known constant.) Find the time required for the mass to be reduced to one
half of its original value.

3. [12 marks] Find the general solution to z”(t) —4xz(t)+3 =0, ¢>0.
4. [12 marks] Find the general solution to a”(t)+3z'(t)+2x(t) =t, ¢ > 0.

5. [6+15= 21 marks] (i) Let p(-),q(-) be continuous functions on [0, c0).
Let the differential operator L be given by

Lu(t) = v”(t) + p(t)u' () + q(t)u(t), t>0

whenever the r.h.s. makes sense. State clearly what is meant by Green’s function
of L for the initial value problem on [0, c0).
(ii) Show that Green’s function in (i) is unique.



